This paper follows the logic of the Sharpe ratio in environments where skewness and kurtosis is of potential importance, and then develops a ranking statistic based on these higher moments. The higher moments are calibrated to distributions using the VG class of processes and this makes the derived higher moment rankings of practical relevance. Tests on around a 100 mutual funds with su±cient data reveal that information on skews and tails marginally alters the rankings of intermediate funds with agreement about the extreme ones at both ends.
Introduction
Asset allocation has primarily focused its attention on attaining mean variance e±ciency by employing diversi¯cation strategies following the portfolio selection methodologies of Markowitz (1952) . These are important principles that have given rise to a large variety of diversi¯ed investment choices in mutual funds that now outnumber the available choices for investment in stocks. Paralleling this development has been a growing interest in the second odd moment describing returns, the level of skewness. The empirical stability of return skewness has been noted in Beedles and Simkowitz (1980) . Earlier, the importance of skewness for portfolio selection was studied by Arditi and Levy (1975) and Kraus and Litzenberger (1976) . More recently, motivated by the persistence skews observed in option markets (Bates (1991) ), Bakshi Kapadia and take up the issue of studying the links between the statistical and risk neutral skews, while Harvey and Siddique (1999) address the asset pricing implications of investor preferences for skewness. Evidence is also presented by Carr, Geman, Madan and Yor (2000) that the primary model for diversi¯ed returns is that of a pure jump return process re°ecting both, excess kurtosis and skewness.
This paper addresses the question of how investors may evaluate and rank investment opportunities, taking account of the prevailing skews and kurtosis levels. We are particularly interested in identifying diversi¯ed investments with high Sharpe ratios (Sharpe (1963) ) that may be poor investments due to an exposure to strong negative skews or the other way around in the case of strong positive skews. In this regard we follow Hodges (1998) and develop a generalization of the Sharpe ratio for ranking investments. The generalization reduces to the traditional Sharpe ratio if the return distribution happens to be normally distributed, but takes account of skew and excess kurtosis when they are present.
The strategy for developing the ranking statistic follows the suggestion of Hodges (1998) , who notes that optimized exponential utility, when investing in a normally distributed return, adjusts positions in such a way that the optimal expected utility is independent of risk aversion and one to one with the Sharpe ratio. He then de¯nes the generalized Sharpe ratio by inverting this relation. We modify this statistic to correct for an undesirable feature noticed in implementation. For su±ciently large negative skews the optimized utility and generalized Sharpe ratios can be large, indicating good investments but this occurs because the exponential utility has shorted the asset, converting the negative skew to a positive one. To correct for this we consider instead the portfolio position as a ranking statistic, re°ecting the view that large short positions are indicative of bad investments. The positions generally depend on risk aversion, but the position adjusted by the risk avresion may be independent of risk aversion. For normally distributed returns the position multiplied by risk aversion is just the ratio of excess return to variance or the Sharpe ratio in mean variance space. It is this idea that we generalize to develop our higher moment ranking (HMR) statistic.
Critical in this exercise is the choice of a distribution that matches the observed higher moments, with respect to which exponential utility is maximized to determine risk adjusted positions. To accomplish this objective we borrow from our success in calibrating risk neutral distributions to value European options of all strikes and maturities. The variance gamma (V G) process developed by Madan, Carr and Chang (1998) following earlier work of Madan and Seneta (1990) and Madan and Milne (1991) introduces two additional parameters in the description of asset returns that enable one to calibrate the market skew and kurtosis. The resulting distribution is consistent with market option prices. Carr, Geman, Madan and Yor (2000) also report on its empirical adequacy for the statistical process, by testing it against a wide class of jump di®usion models. We develop our HMR by solving the investment problem for exponential utility investing in V G returns. The normal distribution is a special case of the V G model and the statistic reduces to the Sharpe ratio for such returns.
The resulting statistic is implemented in ranking over a hundred mutual funds and we o®er a comparison with the Sharpe ratio. The statistic provides a di®erent ranking structure that is however highly correlated with the Sharpe ratio rankings, with a rank correlation of 99:83%: The statistic, revises at the margin, rankings based on skews and tails. This robust result is con¯rmed from a variety of perspectives. Our objective is to o®er the statistic as a planning tool for the development of quantitative trading strategies that wish to take account of higher moments in portfolio design.
The outline of the paper is as follows. Section 2 is a primer on the V G process, its parameters and their interpretation. This is followed in section 3 by the details for the HMR statistic. Section 4 describes the data set of mutual fund returns and presents the results of the ranking study. Section 5 concludes with comments and suggestions for further research.
A Short Primer on the VG Process
We present here a short review of the V G model, its parameters and their interpretations. For further details the reader may consult Madan and Seneta (1990), Madan and Milne (1991) and Madan, Carr and Chang (1998) . Here we restrict attention to economic interpretations, a handful of results employed in the subsequent development, and some comparative comments regarding alternates.
The VG Model
Under the V G process asset log returns are normally distributed in an economically based measure of time that may be viewed as aggregating relevant information°ows. In the absence of information°ows, the mean return isṕ er unit time. The parameter´is a deterministic return earned regularly over calendar time.
However, over any unit time there are information°ows that may in principle be counted. We model this°ow of a random information based measure of time by an increasing gamma process. To keep the sense of a measure of time, now in information units, we scale the process to have the mean time be one in a unit of calendar time. Hence we employ for the unit period a gamma density with a mean of one. The volatility of the random information based measure of time is º per unit time and we denote its realization by g as it is a drawing from a gamma density. Conditional on this realization g of information in unit time, the returns are normally distributed with mean´+ µg and variance ¾ 2 g: The parameter µ measures the average impact of the information°ow on returns and it may be positive or negative. We shall observe that positive values of µ result in a positively skewed return distribution while negative values lead to a negative skew.
The volatility of return given the information°ow is proportional to the level of the°ow, as this is our measure of time. We parameterize the volatility per unit information°ow by ¾:
We could in addition introduce a volatility and a random component that operates proportional to calendar time by adding an independent di®usion to this V G structure. This introduces additional parameters that make calibration more di±cult. Further, in light of the results of Carr, Geman, Madan and Yor (2000) it appears that an additional di®usion component may not be necessary in adequately describing the returns of diversi¯ed portfolios. This gives us a four parameter model with parameters´; µ; º; ¾: As already noted, µ gives us control over skewness while it is the volatility of the information arrival°ow that adds kurtosis. Formally we may write the t period return in terms of a gamma variate and a standard normal variate as follows. Letting X(t) denote the level of V G returns over an interval of length t we may write that
where z is distributed normally, and independently from g; with mean zero and unit variance while g has a gamma density with mean t and variance ºt: Speci¯cally the density of g; say f (g) is
The model for the price of the stock or the value of the portfolio is the exponential of the V G mirroring the construction of Geometric Brownian motion as the exponential of a Brownian motion. In like manner we de¯ne the mean rate of return by adjusting for the convexity correction associated with the exponentiation. Speci¯cally we model the price as
where ¹ is the mean rate of return on the asset, ! is the convexity correction and the deterministic mean return of the log,´= ¹ + !: In the case of the log normal process the convexity correction is the negative of half the variance. Here it is de¯ned by the equation
To evaluate such expectations one employs the characteristic function of the V G process.
The VG Characteristic Function
Combining the characteristic functions for the normal and the gamma one may easily evaluate the characteristic function for V G returns as
We shall employ this result in the following section to evaluate the expected utility from investing in assets with V G return distributions.
The VG Moments
The parameters of the return distribution may be identi¯ed from the moments. The centralized moments for log returns are given in terms of the parameters by
These equations may be uniquely inverted for the parameters using a numerical algorithm for solving cubic equations provided the return moments satisfy the inequality
The V G process can accomodate skewness provided there is some excess kurtosis. Furthermore, the kurtosis must be above 3 to obtain a solution to the moment matching equations. We observe that when µ = 0 we have a symmetric distribution and skewness is zero. In this case the kurtosis is 3(1 + º) and the parameter º calibrates the excess kurtosis. Positive values of µ or on average, positive information°ows lead to positive skewness, while negative skewness is associated with on average negative information°ows.
Some Comparative Remarks
The V G process can also be written as the di®erence of two gamma processes. This allows one to model separately the up and down moves of the market by independent gamma processes. As such, the V G process is a pure jump process that has an in¯nite number of jumps in any interval, with the jump magnitudes being arbitrarily small. This property is shared with other independent increment processes, for example the process of independent stable increments introduced by McCulloch (1978) .
If we let the variance of the information time, º; approach zero, the process approaches the normal distribution. Hence the normal is a parametric special case.
The jump di®usion models mix orthogonal components, modeling small behavior with a di®usion while large behavior is orthogonally modeled using a jump component. Such mixtures do not allow one to learn about large behavior from observing small behavior and lead to models that are di±cult to identify and work with. In contrast the V G is very tractable and links small and large behavior by requiring that large moves occur at a smaller rate than smaller moves.
The V G is however, a process of independent and identically distributed increments, i.e. a process that is homogeneous in time. It is therefore incompatible with the phenomenon of volatility clustering. Extensions attending to these features are possible and are the subject of work in progress.
The HMR Statistic
In developing the higher moment rank statistic we begin by reviewing the result for exponential utility investing in normally distributed returns and the resulting relationship between risk adjusted positions and the Sharpe ratio. We then generalize this result to V G returns and this leads to our statistic.
The Case of Normally Distributed Returns
Suppose we have an exponential utility function of the form
with coe±cient of absolute risk aversion a: Consider an investment of the proportion 1 ¡ w in the risk free asset with return r and w in a risky asset with a normally distributed return of mean ¹ and variance ¾: The initial wealth is W 0 and the end of period wealth is given by
where z is a standard normal variate.
The expected utility may be evaluated as
Minimizing the log of the negative of the expected utility we observe that the optimal position is
We may substitute this back in the utility function and evaluate the optimal expected utility in terms of the Sharpe ratio as shown in Hodges (1998) . However, as we have noted earlier, this allows high rankings for assets with negative mean returns that are then shorted. We observe instead that
where S is the Sharpe ratio in mean variance space. It is also intuitive to rank assets on their desirability and the extent to which investors wish to acquire them. Generally this will be impacted by risk aversion but for the exponential/normal case, a simple adjustment renders a statistic that is free of preference parameters and initial conditions. We now extend this analysis to our higher moment context.
The VG Case
The¯nal unit period wealth is now given by
Applying the result for the characteristic function (2) evaluated at iu = ¡awW 0 we obtain that
The¯rst order condition for maximizing ¡ ln(¡u ¤ ) yields that
On simpli¯cation we obtain the quadratic in w
that yields the solution with HMR = awW 0 ; and substituting back forH
The construction of the higher moment rank statistic is a highly nonlinear transformation of the basic moments. One has to¯rst numerically obtain the parameters that match these moments. This identi¯es the nature of the underlying process of information arrival, its volatility and average price impact as captured by º and µ; as well as the information contingent return volatility ¾: These parameter values are then substituted into the equation (1) to obtain the value of the rank statistic that is free of preference parameters and initial conditions. To develop a better understanding of the properties of the statistic we implemented a ranking of around a 100 mutual funds and compared the results to a Sharpe ratio ranking. The results are reported in the next section. Here we establish some comparative static results in terms of the parameters.
Properties of the HMRS
We¯rst note that for µ = 0 the HMR will always be positive. In this case we have that
and this is positive if a is negative. Further when a is positive, the term in the radical is greater than a making the statistic positive in this case. As a tends to in¯nity or ¹ approaches r; the HMR tends to zero.
More generally it is useful to write the HMR statistic as In terms of the parameters this reduces to
Hence, when ¹ > r and µ < ¹ ¡ r we also have that the HMR is positive. The HMR therefore shares the property with the Sharpe ratio that it may be negative only when ¹ < r: But even then if µ is positive we have b > 0 and a < 0 and the HMR is positive. For negative HMR we must have both ¹ < r and µ su±ciently negative. In fact from equation (8) we observe that µ must then be below ¹ ¡ r:.
The behavior in ¾
For positive values of µ; it is clear that HMR decreases with ¾: This pattern may be observed for negative but small values of µ as well. When µ is negative and large and ¹ is negative with the HMR being negative then increases in ¾ raise the volatility of what is on average bad news and this tends to improve the HMR that is then less negative.
The behavior in ¹
Di®erentiating (7) we observe that
and hence as a is inversely related to the excess return, we have that HMR is positively related to excess returns.
The behavior in º
For this it is best to¯rst consider the case µ = 0 and write HMR as g(º) where
As h(º) is a concave function of º that is zero at zero, the average h(º)=º is falling or the HMR is negatively related to º: This structure is maintained in the presence of non-zero values for µ:
The behavior in µ
From the expression (9) we note that the HMR is inversely related to a and a similar calculation show a positive relation with b: The impact of variations of µ through b are positive while the impact via a is negative. In fact we write that
The positive e®ect via b dominates except in a neighbourhood for µ around ¹ ¡ r when the negative e®ect is dominant. For ¹ > r and µ < ¹ ¡ r as µ approaches ¹ ¡ r from below a tends to in¯nity and ¡a + p a 2 + b 2 + c tends to zero with the HMR approaching b that now in the limit is the Sharpe ratio. For µ > ¹ ¡ r as µ approaches ¹ ¡ r ; a tends to negative in¯nity and the HMR rises to in¯nity. The picture is repeated for ¹ < r when the convergence to the negative Sharpe ratio occurs as µ tends to ¹¡r from below and the HMR tends to in¯nity as µ tends to ¹ ¡ r from above..For most data, µ is slightly positive or negative re°ecting some positive skewness or negative skewness while ¹ ¡ r is signi¯cantly positive. In this region we have a positive impact of µ or the desirability of skewness.
Ranking Results using HMR
We chose for our analysis around a hundred mutual funds listed on the Bloomberg web site for which there was data for more than three years. A total of 138 out of the top 350 funds met this condition. A further 13 funds had skewness levels that exceeded the V G upper bound and were dropped. This left 125 funds. Three of these funds had values of their statistics in the region where the HMR is explosive and these were eliminated. We report results on the analysis of the remaining 122 funds. For each of the funds selected we had around 1500 daily return observations and we computed the statistical moments for means, volatility, skewness and kurtosis. The summary statistics of our moments across the 122 funds are presented in Table 1 . We observe from Table 1 that the lower bound of 3 for the V G kurtosis was not violated. The skewness condition required for matching the moments was also not violated in all these cases. As expected, there is greater volatility and kurtosis in the estimates of the higher moments like kurtosis and skewness, than there is in the lower moments. The volatility of skewness across the funds being 2:7172 while the volatility of the mean is just 16:8%:
The Sharpe Ratio was computed in mean variance space, as is consistent with the design of the HMR statistic. Both statistics were computed for a zero risk free rate.We present the results of the study in four complementary but di®erent ways. We¯rst view the Sharpe ratio statistic with the data ordered by the value of the higher moment rank statistic. Next we present histograms of both statistics. We then investigate how well a linear model of the moments or parameters can explain the variations in the HMR statistic, focusing attention on the primary determinants of the statistic. Finally we consider rank correlations and graph the Sharpe ratio rank when the funds are in decreasing order of their HMR rank. Each perspective helps us understand the ways in which funds attain a good HMR rank statistic.
The Values of the Ranking Ststistics
We¯rst plot the values of the Sharpe Ratio and HMR statistic when the funds are ordered by the value of the HMR statistic. This graph is presented in Figure  (1) .
We observe that the statistics are quite similar with a little variation in the interior range. 
The Histogram of the Values for the Ranking Statistics
We next view the histogram for the values of the two ranking statistics. This is presented in¯gure (2) . The histograms are quite comparable with the possibility that somewhat more funds are getting relatively lower values in their ranking statistics once we account for skews and tails.
Regression Analysis of the HMR
To understand the source of the HMR statistics we investigated the role played by skewness in the HMR statistic. Two regressions were conducted. In one we regressed the HMR values on the statistical moments, while in the second we regressed them on the parameter values instead. The results were comparable. Given the interpretability of the parameters and the fact that they represent the Table 2 the results of the regression on the parameters. 
64:0476
We see from this regression that both the mean and the skewness play an important and positive role in the HMR statistic. Volatility at both levels, in the arrival of information and in the return conditional on information feature negatively in the HMR statistic. The e®ects of the¯rst and second moments are the relatively more dominant. The linear regression is however not adequate as a model for the statistic as there su±cient non-linearities involved and the linear prediction can be erratic as is evidenced by the plot of the actual and predicted values coming from the above regression. The is presented in¯gure (3). 
Rank Correlations and Plots
Finally, we computed the rank correlation between the Sharpe ratio rankings and the HMR rankings and found that this was 99:83%:: We present in¯gure (??) the graph of the Sharpe ranking as a function of the HMR rank. For identical rankings this should plot as a 45 0 line. We observe from the relative linearity in the bottom left corner and the top right corner that the rankings tend to agree on the good and bad funds. For the intermediate funds there is a slight revision of the rankings based on higher moment accounting. The maximum move in ranking was an up grade by 9 or a down grade by 13:
Conclusion
In a world of investment opportunities consisting of diversi¯ed portfolios that are exposed to skewed distributions of returns with opportunities for positive and negative skews greater attention needs to be paid to the higher moments in designing portfolio positions. As larger numbers of investors with traditionally higher levels of risk aversion approach the capital markets to manage wealth accumulation more attention also needs to be paid to the risk consequences of investment in long-tailed return structures. There is therefore an urgent need to better understand portfolio choice when risk choices are open to such possibili- ties. This is all the more important as we begin to develop methods for hedging in risk management that tends by its very nature to push return structures into distributions approximating delta functions at zero or more realistically, distributions with long necks and fat tails. Mean variance analysis is not well placed in dealing with these problems, many of which arise as a consequence of understanding and applying the diversi¯cation principles well learned from traditional portfolio theory. To break the analytical barrier hindering progress in this direction we need to identify robust distributional structures capable of calibrating the skews and tail patterns, that are at the same time analytically tractable, much like the normal density. Such candidates provide us with vehicles for better organizing our understanding of the alternatives. This paper o®ers an application of the VG process that has already proved to be successful in the arena of option pricing. The application follows the already successful logic of the Sharpe ratio and extends the reach of this logic to regions where it has heretofore been hindered.
With regard to further research we need to better understand how to calibrate skews and tails more reliably and how these measures interact with correlation in diversi¯cation and how they are impacted by autocorrelations in time aggregation. It is also important to build links to the rich options market that may allow us to detect variations in skews and kurtosis in a timely fashion, once we have understood the transfer mechanism from probabilities to prices and back.
